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Abstract
We study the spectral statistics of primary operators in the recently formulated ensemble
average of Narain’s family of free boson conformal field theories, which provides an explicit
(though exotic) example of an averaged holographic duality. In particular we study moments of
the partition function by explicit computation of higher-degree Eisenstein series. This describes
the analog of wormhole contributions coming from a sum of over geometries in the dual theory of
“U(1) gravity” in AdS3. We give an exact formula for the two-point correlation function of the
density of primary states. We compute the spectral form factor and show that the wormhole sum
reproduces precisely the late time plateau behaviour related to the discreteness of the spectrum.
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1 Introduction
In the study of the quantum mechanics of black holes, an important challenge is to find models
that are simple enough that they can be studied in an exact manner, but sophisticated enough
1
to capture the rich dynamics of realistic black holes. For example, supersymmetric black holes
in string theory are, while far from generic, important examples whose states can be precisely
enumerated and matched with the semiclassical Bekenstein-Hawking entropy [1]. But black holes
are dynamical objects which are characterized by more than just an entropy: they are conjectured
to be the fasted scramblers of information in nature [2], and are expected to exhibit rich chaotic
dynamics [3–5]. To study the chaotic dynamics of black holes, an important class of examples are
provided by the AdS/CFT correspondence, where the high energy states of a (typically strongly
coupled) CFT are dual to the quantum states of a black hole.
In seeking solvable examples it is natural to focus on AdS3/CFT2 where the boundary theory
has an infinite number of symmetries that aid in solvability. Indeed, in this case Cardy’s formula [6]
for the high energy density of states exactly matches the semiclassical entropy of the corresponding
black holes in AdS3 [7]. A CFT2 possesses an infinite number of symmetries generated by some
number ccurrents of chiral operators. In a generic CFT the chiral algebra is generated by the stress
tensor so ccurrents = 1, but many special CFTs have ccurrents > 1.
1 As ccurrents increases the theory
becomes, in a sense, more solvable. So it is natural to ask: how large can one make ccurrents and
still have theory which, in an appropriate sense, describes black hole dynamics in the bulk? A hint
is provided by Cardy’s formula




∆ + n log ∆ + . . . (1.1)
for the density of primary states with large scaling dimension ∆, where n is a non-universal con-
stant.2 Here, by primary states we are referring to states that are primary with respect to the full
chiral algebra: they are annihilated by all of the lowering operators constructed out of the chiral
algebra. We focus on primary states because chiral operators are dual to gauge fields in the bulk;
the action of a raising operator simply dresses a bulk state with the edge modes of a bulk gauge
field. For example, applying a Virasoro raising operator to a state will dress it with a so-called
“boundary graviton” associated to large diffeomorphisms that act on the boundary of AdS3. In
this sense the chiral algebra describes the dynamics of edge modes that live at the boundary. To
study the dynamics of black holes in the bulk we must therefore focus on primary states.
At fixed ccurrents, the semiclassical holographic dictionary relates the central charge of the asymp-





The leading term in the Cardy formula (1.1) is proportional to the area of the black hole, so can be
interpreted as the usual Bekenstein-Hawking entropy. Something clearly goes wrong if c < ccurrents.
In this case the theory is expected to have only a finite number of operators that are primary with
1We will focus in this paper on parity-invariant CFTs, so that the theory will have both ccurrents chiral and ccurrents
anti-chiral currents.
2For brevity we write here only the formula for spinless states. States with spin will be considered in great detail
later.
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respect to the full chiral algebra, and is typically a rational theory whose correlation functions
are completely determined by Ward identities of the chiral algebra. Thus when c < ccurrents there
seems to be no sense in which the high energy dynamics of the theory is dominated by states that
resemble semi-classical black holes.3 When c > ccurrents, on the other hand, the theory is expected
to be irrational and to exhibit chaotic dynamics much like CFTs in higher dimensions. Although
some universal properties of the spectrum of local operators and their dynamics in such theories
are known [12–19], they seem to be nearly as difficult to study as their higher dimensional cousins.
This leaves open the question of theories with c = ccurrents. In such theories the number
of primary states typically grows polynomially with dimension rather than exponentially, with a
power that depends on the theory that we have called n in equation (1.1). Indeed, the Bekenstein-
Hawking formula typically contains a correction of the form S = A4GN +n logA+ . . . . So one might
hope that in such theories the primary states could be identified with black holes whose leading
semi-classical entropy vanishes for some reason, but whose entropy is nevertheless large due to the
subleading term.4 One might hope, then, that these are the Goldilocks CFTs: simple enough to
solve, but complex enough to provide a useful model for black hole dynamics.
One is thus led to ask to what extent the primary states of CFTs with c = ccurrents resemble
black holes, even absent a semi-classical Bekenstein-Hawking entropy proportional to area. Our
focus will be on the statistical properties of the spectrum of such states, and on whether they exhibit
the spectral statistics characteristic of a chaotic system. We will consider the simplest possible set
of such theories, those with U(1)D × U(1)D current algebra and c = D. It is believed5 that the
most general compact, unitary, and modular invariant theory with this current algebra and central
charge is a theory of D free bosons, a sigma model with a D-dimensional torus as target space.
This can be viewed as the worldsheet theory of a toroidal compactification of string theory. Such
CFTs are not unique, and are parameterized by a moduli space first described by Narain [27, 28].
The data required to specify such a CFT is an even self-dual lattice of signature (D,D), which is
parameterized by a D2 dimensional moduli space
MD = O(D,D; Z)\O(D,D; R)/O(D)×O(D) (1.3)
In the language of the sigma model with toroidal target space, the moduli space MD is parame-
terized by the space of metrics and B field fluxes on the D−dimensional torus.
In this paper, we are interested in exploring the properties of primary states of these theories.
The spectrum of a conformal field theory is captured by its torus partition function, which is a
3Though there may nevertheless be a sense in which it is possible to interpret such theories as exotic theories of
gravity; see [9,10] for examples with Virasoro symmetry and c < 1 where the partition function can be expressed as a
sum over modular images which one may attempt to interpret as a sum over geometries, and [11] for examples with
WN symmetry and c < N − 1.
4There is an interesting historical precedent for this. Prior to Strominger and Vafa’s computation of black hole
entropy [1], Sen [20] investigated a simpler class of D-brane bound states (with fewer non-zero charges) which describe
black holes with vanishing horizon area but non-zero entropy. Such configurations can be viewed as black holes with
string-scale stretched horizons, which have non-zero area only once certain quantum effects are included (as discussed
in e.g. [21–26]).
5But not, to the best of our knowledge, proven.
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, q = e2πiτ (1.4)
where τ is the modulus of the torus. The spectrum of the Narain theories is organized into rep-
resentations of the U(1)D × U(1)D chiral algebra. We are particularly interested in the partition
function that counts only states that are primary with respect to the full chiral algebra, which we
can write as7
Zp(τ) = |η(τ)|2DZ(τ). (1.5)
The Cardy formula for the asymptotic density of (scalar) primary states is given by
log ρp(∆) ∼ (D − 2) log ∆ + . . . (1.6)
Although numerically large, this is much smaller than the density of descendant states at high
energy, which exhibits the usual Cardy growth that is exponential in the square-root of ∆ when
∆ is much larger than the central charge. In the gravitational language, this reflects the fact
that most of the energy of a typical heavy state would come from a gas of “boundary photons”
associated with the gauge fields dual to the U(1) currents, with only a relatively small amount
coming from the primary state; in this sense the Narain theories are quite different from the duals
of semiclassical gravity in AdS3, where the asymptotic densities of both primary and descendant
states grow exponentially (with a larger exponent for the primary states). Nevertheless, aside
from the fact that the entropy scales like log ∆ rather than
√
∆, equation (1.6) has many features
which resemble a traditional Bekenstein-Hawking formula. For example, the entropy grows linearly
with the central charge D, which still plays the role of the coupling constant in the bulk theory.
The . . . are all subleading in the large D limit, so one might expect (as will indeed be the case)
that in this limit the primary-counting partition function exhibits a Hawking-Page phase transition
much like any other theory of semi-classical gravity in AdS3. Indeed, as we will review below, in
the gravitational interpretation of the Narain ensemble the leading asymptotic growth (1.1) comes
from a saddle point which is precisely the Euclidean BTZ black hole.
To probe the spectral statistics of primary operators in the Narain family of theories, we would
like to go beyond the density of states (1.6). One might expect that the simplest way to proceed
would be to pick some particular theories from the Narain family and study their spectral statistics.
However, it turns out to be both more interesting, and significantly simpler, to pursue a different
strategy. We first note that, as MD is a group manifold it has a unique invariant measure dµ —
the Haar measure — that coincides with Zamolodchikov’s measure on the moduli space of CFTs.
Thus we can average over this moduli space, and hence investigate notions of what it means to be
a “typical” CFT in this moduli space with respect to this measure. In particular, for any function
6For the sake of brevity we will write partition functions in this paper as Z(τ) rather than Z(τ, τ̄). But we
emphasize that these are not holomorphic quantities, and we are not studying chiral CFTs.












dµ (·) . (1.7)
To study the spectral statistics of Narain CFTs we will compute correlation functions of the form
〈Zp(τ1) . . . Zp(τn)〉 (1.8)
We note that, even though each instance of the Narain ensemble is integrable (at least in the sense
that c = ccurrents) there is some precedent for the idea that an ensemble of integrable quantum
mechanical systems may nevertheless exhibit interesting properties: the quadratic SYK model [29]
is a recently studied example.8 That it is easier to study these averages than to study a particular
typical instance of the Narain ensemble mirrors a similar phenomenon that occurs in the sphere
packing problem.9
Another motivation for the study of an ensemble of CFTs is due to remarkable recent devel-
opments which suggest that some quantum gravitational systems are dual to an ensemble average
of many quantum theories rather than to a particular quantum mechanical system. An early
hint of this came from the Sachdev-Ye-Kitaev model [30–32], a one-dimensional model of Majo-
rana fermions with a random interaction that in the infrared develops an approximate conformal
symmetry and saturates the chaos bound [4], and thus provides a useful model for nearly-AdS2
holography. Later, it was shown that its low-energy limit, Jackiw-Teitelboim gravity [33–36], ad-
mits a non-perturbative completion in terms of a double-scaled random matrix integral [37–39].
More recently, there have been hints that the gravitational path integral of pure three-dimensional
quantum gravity [40, 41] may in some sense be dual to an ensemble of irrational conformal field
theories (see e.g. [42–44]).10 The consequences of this would be striking. For example, it would
mean that the typical large c CFT has a lightest primary state with dimension ∆ = O(c). Nev-
ertheless, such a duality would resolve two puzzles in the study of three dimensional gravity. The
first is the existence of “Euclidean wormhole” solutions of AdS3 gravity which apparently lead to
non-factorization of the partition function on disconnected surfaces [45]. Second, it would explain
the continuous spectrum obtained from the explicit sum over gravitational instantons in Einstein
gravity [40,41].11 It may, moreover, provide an interpretation for the universal formulas for asymp-
totic CFT data [18,19,48–52] in terms of an ensemble average of CFTs rather than a microcanonical
average over high-energy states in any particular CFT (see [53] for a related discussion).
This motivates the study of the ensemble average of Narain’s family of free boson conformal
field theories, with the hope that this will provide a concrete example of an ensemble of conformal
8We are grateful to Douglas Stanford for bringing this to our attention.
9The analogy between two dimensional CFTs and sphere packing was made quite sharp in [16].
10Although what exactly is meant by this has not yet been completely articulated, partly because the space of such
CFTS is still poorly understood.
11This sum also suffers from an apparent breakdown of unitarity [41,46]; proposed fixes include modifications of the
gravitational path integral to include conical singularities [47] or configurations which are not continuously connected
to classical saddles [44]. The ensemble average of Narain theories does not suffer from this non-unitarity.
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field theories which is dual to a theory of three-dimensional gravity. Of course, because these CFTs
are all free we anticipate that the dual theory of gravity will, in an appropriate sense, be simpler
than three dimensional Einstein gravity.12 Remarkably, averages over Narain moduli space can be
computed using the Siegel-Weil formula [54–56]. The interpretation of these formulas in terms of a
bulk theory of gravity was described in [57,58]. It was noted in [57] that for an arbitrary Riemann






When the surface Σ is connected, the g0 correspond to classical geometries (in particular handle-
bodies) with constant negative curvature that have the surface Σ as their boundary. The S(0)
and S(1) are the classical and one-loop actions of these saddle points (where D ∼ ~−1 plays the
role of the coupling constant) which can be computed explicitly in terms of a bulk Chern-Simons
theory. In a sense, equation (1.9) is evidence for a new holographic duality between our boundary
ensemble and an exotic bulk theory of gravity, dubbed “U(1) Gravity” [58], that includes U(1)2D
Chern-Simons theory as its perturbative piece and a sum over handlebodies as its non-perturbative
dynamics.13
The primary states in the Narain ensemble should be understood as the analog of black hole
microstates in this theory. To see this, one can imagine computing the average density of states by
evaluating (1.9) when Σ is a torus. The high energy behaviour of the density of states matches the
Cardy formula (1.6), and comes from a saddle point which is precisely the Euclidean BTZ black
hole.14 Our Narain theory therefore provides a solvable toy model were the properties of black hole
microstates can be investigated explicitly. Our goal is to understand the statistical properties of
these states.
Our primary object of interest will be the correlation functions of the torus partition function,
which — according to the Siegel-Weil formula — can be also written in the form:





This sum will be our main object of interest in this paper. It turns out to be what is known
as a real analytic Eisenstein series of degree n, and its gravitational interpretation was initiated
in [57]. The g0 which appear in this sum are the analogs of Euclidean wormholes, albeit for U(1)
gravity rather than for Einstein gravity. One important difference between this sum and equation
12Indeed, the Narain ensemble is quite different from the ensemble of generic CFTs. Perhaps the most important
difference is that Narain moduli space is a continuous conformal manifold connected by exactly marginal deformations.
An ensemble putatively dual to pure Einstein gravity will presumably include isolated points in addition, perhaps,
to connected moduli spaces of CFTs.
13The gravitational description of the Narain ensemble was further studied in [59–61], and the discrete average
of holomorphic free boson CFTs was discussed in [62]. Aspects of ensemble averages over other classes of rational
two-dimensional conformal field theories have also been discussed [63–67].
14In fact, the subleading behaviour in (1.6) – and in particular the subleading term which scales like O(∆0) –
requires the inclusion of the full “SL(2,Z)” family of Euclidean black holes.
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(1.9) is that we can no longer interpret the g0 as handlebodies with a constant negative curvature
metric; indeed, they need not correspond to hyperbolic geometries at all. Nevertheless, they are
quite similar to the Euclidean wormholes which appear in three dimensional Einstein gravity. For
example, as described in [57], many of the terms in the sum can be associated to bulk topologies
which connect n boundary tori. Indeed, we will see that it is precisely these contributions which
dominate the sum in many cases. For example, they lead to the famous “plateau” in the spectral
form factor. Thus, although the analogy with Einstein gravity is perhaps not perfect, we will regard
our Eisenstein series as a sum over Euclidean wormholes.
We will begin by reviewing in section 2 the Siegel-Weil formula and its holographic interpreta-
tion. In section 3 we will review its simplest application: the computation of 〈Zp(τ)〉, the averaged
torus partition function, which gives the averaged density of states 〈ρp(∆)〉. This will provide us
a useful warm-up to the central exercise of section 4, the computation of the two-point function
〈Zp(τ1)Zp(τ2)〉. We will discuss the interpretation of this two point function as coming from a
sum over wormholes, and give an explicit expression for the density-density correlation function
〈ρp(∆1)ρp(∆2)〉. In section 5 we will discuss the computation of higher-point functions of the torus
partition function. In section 6 we will study the spectral form factor 〈Zp(β + iT )Zp(β − iT )〉,
which provides a useful characterization of the spectral statistics of the Narain family of CFTs. We
will see that our expression precisely reproduces the expected late-time “plateau” in the spectral
form factor. We will pay particular attention to the comparison with Einstein gravity, and end with
a brief discussion. In appendix A we will provide an alternate derivation of the averaged one- and
two-point functions of the density of states using modular crossing kernels, and in appendix B we
provide technical (but important) details on the higher-degree Eisenstein series that are relevant for
the computation of averaged higher-genus partition functions and of higher moments of the torus
partition function.
2 An ensemble of free conformal field theories and holographic
duality
In this paper we will study the simplest class of two-dimensional conformal field theories with
c = ccurrents, namely Narain’s family of free CFTs. The spectrum of such theories is organized into
representations of the U(1)D × U(1)D current algebra with central charge c = D. The authors
of [57, 58] initiated the study of the ensemble of Narain CFTs, in which observables are computed
by averaging over the moduli space of such CFTs with a measure naturally determined by the
Zamolodchikov metric.
The data that determines a Narain CFT is an even self dual lattice Λ in RD,D. The partition
function of the CFT on a Riemann surface can be written in terms of a nonholomorphic theta
function associated with Λ. The theta function depends on the moduli of the Riemann surface
through the period matrix Ω, which is an element of the Siegel upper half-space Hg (appendix B
includes a brief review of Siegel upper-half space). The theta function also depends on the data of
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the lattice, which we can parametrize through the metric Gab and B-field Bab of the toroidal target


























where X and Y respectively label the real and imaginary parts of Ω,
v ia = α
′n ia +Bacw
ci (2.2)
and n and w are D × g matrices with integer entries that label momentum and winding modes of
the free boson. The combination (detY )
D
2 Θ(Ω,m) is invariant under the action of the modular
group Sp(2g,Z) (which we describe in appendix B) on the period matrix.
The partition function is equal to Θ(Ω,m) times a prefactor factor which is independent of m.
One can think of the theta function as describing the contribution of the U(1)D × U(1)D primary
states to the partition function, and this prefactor as describing the contribution of descendant




where τ is the modular parameter of the torus. The Dedekind eta functions in the denominator of
(2.3) enumerate the descendants with respect to the U(1)D × U(1)D chiral algebra. The spectrum
of local operators that are primary with respect to the full chiral algebra are determined by the












Here the momentum and winding numbers n and w are D-component vectors of integers.
The average of such lattice theta functions on a Riemann surface of genus g over the Narain
moduli space has been studied by mathematicians, and admits a beautifully simple expression in
terms of a non-holomorphic Eisenstein series of degree g. This remarkable relationship is known as





(Im τ)D/2|η(τ)|2D . (2.5)
Here 〈·〉 denotes the average over the Narain moduli space with respect to the natural homogeneous
measure on MD, Z(τ) is the partition function of the CFT on a torus with modular parameter τ ,
and ED
2
is the real analytic Eisenstein series (features of which we review in detail in section 3).
As described by [57,58], this formula suggests a new holographic duality relating the ensemble of
Narain lattice CFTs with an exotic bulk theory that is perturbatively equivalent to U(1)D ×U(1)D
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Aj ∧ dAj − Ãj ∧ d̃Aj
)
. (2.6)
We emphasize that this does not define the theory non-perturbatively, and that it must be sup-
plemented with a particular instruction to sum over topologies. The reason for this perturbative
correspondence is the following. The real analytic Eisenstein series can be written in terms of a





where Γ∞ is the subgroup of PSL(2,Z) that fixes Im τ . Thus the Siegel-Weil formula (2.5) means
that the averaged partition function can be written as a sum over modular images of the vacuum






In writing the Siegel-Weil formula like this we have used the fact that (Im τ)1/2|η(τ)|2 is modular
invariant.
The gravitational interpretation of the Siegel-Weil formula is facilitated by the fact that the
averaged partition function can be written as a modular sum, following a similar logic as in the
computation of the pure gravity partition function in [40]. Indeed, the seed of the modular sum,
the U(1)D × U(1)D vacuum character, is interpreted as the one-loop thermal partition function of
U(1)D ×U(1)D Chern-Simons theory on a three-manifold D2×S1 whose boundary is a torus with















where det′∆0 is the (regularized) determinant of the scalar Laplacian on hyperbolic three-space
H3 and ∆1 is the Laplacian for spin-one fields on H3. The result is a partition function which
counts “boundary photons,” the edge modes associated with U(1)D ×U(1)D Chern-Simons theory
on D2 × S1. The modular sum in the genus-one Siegel-Weil formula (2.5) is then interpreted as a
sum over topologies, and in particular as a sum over handlebody geometries with torus boundary
which are labelled by Γ∞\PSL(2,Z). This exotic gravitational theory was dubbed “U(1) gravity”
in [58]. We note that the sum is over all handlebodies with torus boundary, since every handlebody
with torus boundary is obtained from D2 × S1 by a modular transformation.
The geometry D2×S1 is sometimes referred to as “thermal AdS3,” since it can be obtained from
Lorentzian AdS3 by Wick-rotation and periodic identification of the Euclidean time coordinate.
The other handlebodies with torus boundary have the same metric, and differ only by which
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coordinates are identified with the spatial circle and Euclidean time coordinate. For example, the
Euclidean BTZ black hole also has geometry D2 × S1, except that now the Euclidean time cycle
is contractible in the bulk rather than the spatial circle. So Euclidean BTZ is also included in
the sum over geometries encoded in the Siegel-Weil formula, where it is obtained from thermal
AdS3 by a modular S transformation of the boundary modular parameter, τ → −1/τ . This is the
modular transformation which exchanges the space and time cycles of the boundary torus. Indeed,
the entire family of SL(2,Z) black holes introduced in [70], obtained from thermal AdS3 by other
SL(2,Z) modular transformations (where different linear combinations of the spatial and temporal
cycles are taken to be contractible), are equal participants in the sum over geometries.
The bulk path integral as we have described it so far is very similar to the sum over geometries
in pure AdS3 quantum gravity as originally formulated in [40]. However, in our bulk theory the
boundary graviton is in a sense a composite of the boundary photon of the exotic theory, and
indeed the statistics of the black hole microstates in the boundary theory (encoded by the statistics
of primary operators in the averaged Narain CFT) are drastically different from those expected
in pure gravity. For example, in the microcanonical ensemble at dimensions much larger than the
central charge each member of the SL(2,Z) family of black holes gives a contribution to the density
of states which scales like ∆c−2, unlike in pure gravity where the contribution of the Euclidean BTZ
black hole dominates exponentially at high energy. Furthermore, in pure gravity the near-extremal
spectrum has been argued to exhibit a square-root edge in the twist [44,71], whereas in the Narain
ensemble the near-extremal behaviour of the density of states is not quantitatively different from
the high-energy growth, as we will see explicitly in (3.16). From the CFT point of view, these
distinctions are rooted in the fact that in pure gravity, the vacuum is a “censored” state in the
sense of [41], and that there are null-state subtractions involved in the Virasoro vacuum character
— neither of which hold for the vacuum of the U(1)D × U(1)D chiral algebra.
Much of what was discussed above for the torus partition function can be generalized to partition
functions on Riemann surfaces of arbitrary genus g. The partition function of a Narain CFT on a





2 |det′ ∂̄Σg |D
(2.10)
where Ω is the period matrix of the genus g Riemann surface Σg and det
′ ∂̄Σg is the determinant
of the ∂̄ operator on the Riemann surface (with zero-modes omitted). This generalizes the factor
of η(τ) in the genus-one case. The combination (det Im Ω)
D
2 | det′ ∂̄Σg |D is modular-invariant on
its own. In computing the average over Narain moduli space, we must integrate Θ(Ω,m) over the















(det Im γΩ)s (2.12)
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is an Eisenstein series of degree g. Appendix B contains a review of various features of this
Eisenstein series, including a definition of the subgroup P . We refer to [57] for more discussion of
the derivation of equation (2.11).
Much like the genus one case, the higher degree Eisenstein series can be written as a sum over
images of the U(1)D×U(1)D genus-g vacuum block under the genus g modular group Sp(2g,Z), so
that the averaged partition function can be interpreted as a sum over handlebody geometries with
boundary Σg. Indeed, in [57] it is shown that the seed of the modular sum can be interpreted as
the partition function of boundary photons of U(1)D×U(1)D Chern-Simons theory on a particular
handlebody; the denominator in equation (2.11) is a conformal block for the U(1)D×U(1)D current
algebra on the surface Σg. However, there is to the best of our knowledge no a priori physical
justification for the inclusion of only handlebodies in the gravitational path integral; indeed, even
in pure gravity with higher-genus boundary conditions, there are gravitational instantons that do
not correspond to handlebodies (see e.g. [72]). In our view, this feature is part of what makes
the bulk theory so exotic – but it is also what makes the bulk theory vastly simpler than pure
Einstein gravity. Furthermore, the average (2.11) only converges for D > g+ 1, so the bulk theory
does not appear to be non-perturbatively well-defined; in particular for every value of the central
charge there is a genus above which the averaged partition function diverges. It turns out that the
higher-degree Eisenstein series that appears on the right-hand side of (2.11) can be analytically
continued in the complex s plane outside of its naive range of convergence. Although this can be
used to obtain a finite expression in many cases, it still turns out that for every value of D there
is at least one value of the genus for which this analytic continuation still diverges.15 The most
conservative approach (which we will follow in this paper) is to only trust equation (2.11) for genus
g < D − 1 which is not larger than the central charge.
In fact, as discussed in [57], one can make sense of the Siegel-Weil formula even when the
boundary has multiple disconnected components. This is particularly useful for diagnosing quantum
chaos, and for studying the role of Euclidean wormholes in the path integral of the exotic bulk
theory. Indeed, the higher-genus generalization of the Siegel-Weil formula (2.11) does not require
Ω to be the period matrix of a Riemann surface; it only requires that the matrix Ω have positive
imaginary part (i.e. that it is an element of the Siegel upper half-space Hn). This includes the
case where the Riemann surface is a disjoint union of Riemann surfaces Σgi , in which case Ω is the





This allows us to write the average of the product of partition functions in terms of a degree
15This is because the meromorphic continuation of the higher-degree Eisenstein series E
(g)
s has poles at certain
















2 |det′ ∂̄Σgi |D
. (2.14)
This average only converges for
∑n
i=1 gi < D − 1 as noted above; we take this as perhaps an
indication that sufficiently finely-grained observables are not captured by the simple ensemble-
averaged theory considered in this paper. Importantly, this result for the averaged multi-point
function does not factorize




This is a consequence of the fact that we are studying an ensemble of conformal field theories rather
than any particular member of the ensemble.
From the bulk point of view, we would like to interpret the sum (2.14) as the analog of the
sum over Euclidean wormholes, i.e. the sum over bulk geometries which connect the different
boundaries Σgi . In particular, we note that the Eisenstein series is a sum over (a coset of) the
modular group Sp(2g,Z), which acts on the cycles
⊕
H1(Σgi) of the boundary geometries in a
way which respects the sympletic inner product between cycles. Some of the terms in this sum are
easy to interpret. In particular, the terms where γ is block diagonal correspond to bulk geometries
which are just disconnected handlebodies; these give contributions to 〈ZΣg1 (Ω1) · · ·ZΣgn (Ωn)〉 which
factorize. The terms where γ is not block diagonal are more interesting, as they are responsible
for non-factorization. For each such term in the sum, we interpret γ as providing instructions for
constructing a bulk configuration where certain boundary cycles are contractible in the bulk and
others are not. As we will see (and as was already discussed in [57]) this includes bulk topologies
which are simple Euclidean wormholes. For example, in the two-boundary case this includes bulk
configurations of the form Σg × I. We note, however, the the bulk interpretation of the sum is not
as clear as in the handlebody case. In particular, there does not appear to be a straightforward
association between individual terms in the Eisenstein series and particular hyperbolic manifolds
with a specified topology.16
Our primary focus will be the multi-point functions of the torus partition function, where
Ω = diag(τ1, . . . , τn). (2.16)
Here the τi are the modular parameters of the individual tori, in which case the n-point function
is computed by a degree-n Eisenstein series. We will warm up by reviewing the n = 1 case in the
next section, before moving on to n = 2 in section 4 and higher n in section 5.
16This is particularly clear in the case of torus boundaries, where one can prove that the only hyperbolic manifolds
with torus boundaries are disconnected unions of handlebodies; these would correspond to the block diagonal terms
in the Eisenstein series.
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3 Warm-up exercise: the one-point function
We will begin by reviewing the Siegel-Weil formula in the case of a single genus-one boundary. In
this case, the Siegel-Weil formula computes the averaged torus partition function. For each CFT in
the ensemble, the torus partition function can be written as a thermal trace over the Hilbert space
of the CFT on the circle
Z(τ) = TrHS1 (q
L0− c24 q̄L̃0−
c
24 ) = TrHS1 (e
−2πy(L0+L̃0− c12 )+2πix(L0−L̃0)). (3.1)
Here we have written τ = x+ iy, with y proportional to the inverse temperature and x an angular
potential conjugate to the spin. We will be interested in the partition function that counts primary
operators, which is related to the partition function (3.1) by
Zp(τ) = |η(τ)|2DZ(τ). (3.2)
3.1 Dissecting the Eisenstein series
The Siegel-Weil formula for the one-point function of the genus-one partition function writes the
averaged torus partition function in terms of a real-analytic Eisenstein series








((cx+ d)2 + c2y2)s
, (3.3)








The quotient by Γ∞ is by the space of upper triangular matrices in PSL(2,Z) that shift x by an
integer. This quotient is necessary in order to render the sum (3.3) finite. The sum is then over a
pair of coprime integers (c, d) = 1. The sum (3.3) is convergent for Re(s) > 1, but can be defined
by analytic continuation away from a simple pole at s = 1. The invariance of (3.3) by integer shifts





where Zpj (y) counts primaries of spin j.
The Fourier decomposition of real analytic SL(2,Z) Eisenstein series is standard, but we will
review it here to prepare for the more complicated higher-genus Eisenstein series that we will
17There is some degeneracy of notation between the central charge c and the lower entry of a PSL(2,Z) element.
The distinction should be clear from the context, however for this reason we will mostly use D or s as proxies for the
central charge.
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encounter later. It is convenient to separate out the contribution of the c = 0 term, and for the
remaining terms write d = d′+nc where d′ ∈ Z/cZ such that (c, d) = 118 and n is an integer. Then
we have









(x+ n+ d′/c)2 + y2
)−s
. (3.6)
We evaluate the sum over n using the Poisson summation formula















The sum over j is precisely the Fourier decomposition (3.5).






a special case of which gives the Euler totient function, cc(0) = φ(c). The sum over c is also







ζ(2s) , j = 0
σ2s−1(j)
|j|2s−1ζ(2s) , j 6= 0
. (3.9)
Putting the pieces together, we then have the following for the averaged partition function





















j 6= 0 (3.11)
and K is the modified Bessel function of the second kind.
As previously mentioned, although the Eisenstein series diverges for Re(s) > 1, using the above
expressions we can define it by analytic continuation away from this domain. An interesting example





(τ) = 0, (3.12)
as can be seen directly by examining the appropriate limits of (3.11). Of course, the integral over
moduli space that defines the left-hand side diverges for D = 1, so this should be regarded as
a formal result associated with the regularization of the integral. Another interesting example is
the case D = 2, in which case the coefficient b1(0) diverges and the Eisenstein series cannot be
rendered finite by analytic continuation (despite the fact that in this case the moduli space has
finite volume).
18We will refer to this subset as (Z/cZ)∗.
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3.2 The density of states
The density of primary states in the averaged theory can be extracted from our previous results
by an inverse Laplace transform. In fact, the density of states can be derived more directly by
summing over modular crossing kernels, which associate a particular contribution to the density of
states to each term in the sum over handlebodies; this alternate derivation is given in appendix A.1.
Although any particular Narain lattice CFT in the ensemble has a discrete spectrum of primary
states, the effect of the ensemble average is to render the density of states continuous, with support
above the unitarity bound in each spin sector.
First we note that at low temperature (y →∞) we have
〈Zpj (y)〉 → δj,0, (3.13)
reflecting the fact that the only operator with dimension zero is the identity operator. Meanwhile,









−sΓ(s− 1/2)bs(j)y1−2s, j 6= 0
. (3.14)
The polynomial growth reflects sub-Cardy growth of the density of states at large dimension due
to the fact that c = ccurrents, which we will see very explicitly momentarily.
The density of states computed from the inverse Laplace transform of (3.10)











∆2s−2, j = 0
2π2sσ2s−1(j)
|j|2s−1Γ(s)2ζ(2s)(∆
2 − j2)s−1, j 6= 0
. (3.16)
This matches precisely the result derived in [58] (using other methods) and more directly in ap-
pendix A.1 using crossing kernels. We emphasize that in each spin sector the density of states is
supported everywhere above the unitarity bound, ∆ ≥ |j|. The delta function at ∆ = 0 in the
scalar sector represents the identity operator. These exact results very explicitly demonstrate the
sub-Cardy growth of the averaged density of states at large dimension. Unlike the corresponding
density of states in pure gravity [40, 41, 46] the density of states obtained from averaging Narain
lattice CFTs is manifestly positive everywhere. That the density of states is continuous is a direct
consequence of the ensemble average.
3.3 The semiclassical limit and comparison to pure 3D gravity
The density of states (3.16) exhibits some interesting features in the large s limit, which is the
semiclassical limit. Although the density of states is supported above the unitarity bound ∆ ≥ |j|,
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Furthermore, at large s the averaged partition function is dominated by the contribution from the
c = 1 instantons in (3.6), up to terms that are non-perturbatively suppressed in s. This is because
the sums of Ramanujan sums (3.9) become exponentially close to 1 in the large-s limit. So although
the density of states is supported everywhere above the unitarity bound, there is a sense in which
it is negligible until the twist is of order the central charge in the semiclassical limit, which is a
signature of a holographic system.
As in the case of the path integral of pure three-dimensional gravity with negative cosmological
constant, we interpret the Poincaré series that appears in the torus partition function (3.3) as a sum
over the PSL(2,Z) black holes, which are smooth saddle points of the gravitational path integral.
Indeed, in the large s limit at fixed inverse temperature y = β2π , the partition function (3.3) exhibits
a Hawking-Page phase transition






For β > 2π, the first term, representing the contribution of thermal AdS3, dominates. There is a
first-order phase transition as β is decreased below 2π and the Euclidean BTZ black hole becomes
the dominant saddle. Although the technical details are different, this mirrors what happens in
pure three-dimensional gravity.
It is important to note, however, that the contributions from the full family of PSL(2,Z)
black holes are, in a sense, more important in U(1) gravity than in pure gravity. The PSL(2,Z)
black holes which are not Euclidean BTZ correspond to terms in (3.3) with c > 1. These give





but with a coefficient
which is exponentially suppressed relative to the c = 1 contribution at large s. In other words, they
give contributions to the entropy which are subleading (relative to the BTZ contribution) at large
central charge, but will not be subleading at high temperature and fixed central charge. This should
be contrasted with the pure gravity case, where these contributions are subleading both at large
central charge and at high temperature with fixed central charge. Similar statements hold in the
microcanonical ensemble, where each PSL(2,Z) black hole gives a contribution to the density of
states which scales like ∆2s−2 at large ∆, but with the a coefficient that is (at large central charge)
dominated by the contribution from Euclidean BTZ. One simple way to see this is to inspect the
individual contributions to the density of states using the crossing kernel approach in appendix
A.1.
19Here we have temporarily defined τ ≡ ∆− |j| to be the twist, not to be confused with the modular parameter of
the boundary torus.
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4 The two-point function
We now consider the Siegel-Weil formula which computes the correlation function of two primary-

















is a diagonal element of the Siegel upper half-space H2, with τi = xi + iyi the modular parameters
of the two tori. On the right hand side of equation (4.1) we have written the Eisenstein series as a
sum over 2× 2 matrices C and D. The “co-prime” condition, written (C,D) = 1, is the statement
that these matrices make up the lower row of an Sp(4,Z) matrix, which we review in appendix B.
The goal of this section is to compute (4.1) explicitly. Before doing so, however, we will comment
first on the interpretation of this equation as a sum over topologies.
We note that equation (4.1) can be obtained from the averaged genus-two partition function in
the limit where the off-diagonal element of the period matrix vanishes. This is the limit in which
a genus-two Riemann surface degenerates into two tori glued together at a point. We note that in
pure AdS3 gravity, this limit of the genus-two partition function is singular. This is because the
ground state of a CFT on a circle has negative energy, so the amplitude for the identity operator
to propagate down the narrow tube separating the tori will diverge in the limit that the tube
is becoming very long. In the CFT language, this is the statement that the genus 2 partition
function diverges like q−c/12 in this degeneration limit, where q is related to the modular parameter
of the long tube. A remarkable feature of the Narain ensemble is that, once we divide out by
the appropriate conformal blocks to compute the primary-counting partition function, this limit is
finite. This is a direct consequence of the fact that we are considering theories with c = ccurrents.
This picture has an appealing bulk interpretation as well. As explained in [57], the modular
sum appearing in (2.14) is best understood as a sum over indecomposable Lagrangian sublattices.
For a Riemann surface Σg of genus g, the first homology group H1(Σg; Z) is a lattice generated
by the A- and B-cycles of the Riemann surface. A Lagrangian sublattice Γ ⊂ H1 is a primitive
sublattice of rank g for which the intersection pairings all vanish. A simple example of a Lagrangian
sublattice is defined by the homology classes of the set of A-cycles of the Riemann surface. In this
way, each term in the modular sum in (4.1) can be regarded as providing a set of instructions
for identifying the contractible cycles in a corresponding bulk topology: it is the one where the
sublattice Γ is contractible. It is important to note that this procedure is somewhat ambiguous,
however, as a choice of cycles to be made contractible does not uniquely specify a bulk topology.
20In this section and whenever discussing the modular group for genus greater than one, D will exclusively refer
to the lower constituent of an Sp(2g,Z) element, while s = D
2
will be used as a proxy for the central charge.
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When the boundary is connected, a choice of contractible cycles is sufficient to uniquely identify
a bulk handlebody – that is to say, a three-manifold whose topology is defined by embedding our
surface in R3 and taking the interior of our surface in R3. But there are many other topological
3-manifolds (non-handlebodies) for which the same configuration of cycles will be contractible in
the bulk. We interpret this as the the statement that U(1) gravity, at least as defined by the
Siegel-Weil formula, is only sensitive to some (but not all) of the data of the bulk topology. The
same phenomenon will occur when we take a pinching limit of a genus 2 surface to get a union
of two disconnected tori. In particular, when we take the pinching limit the bulk topologies we
obtain are not uniquely specified by a choice of Lagrangian sublattice. Instead, we should regard
the topologies so obtained as representatives of an entire (infinite) class of topological wormholes
associated with a particular sublattice. Nevertheless, we will see that in many cases it is easy to
obtain representative wormhole topologies that have a simple bulk interpretation.
We will now explain how this works for three simple examples of terms in the modular sum. To
start, consider a handlebody (i.e. a solid genus 2 surface) where one fills some genus-two boundary.
Denote by A1, A2 the cycles of the boundary which are contractible in the handlebody, and by









2 ), then one obtains two solid tori (see figure
1). If we take the contractible cycles of each boundary torus to be the spatial cycles, then this








Figure 1: The degeneration of a genus-two handlebody into two solid tori. The A-cycles of the tori are
contractible in the bulk, corresponding to the manifold M0,1.
To understand how this works for other terms in the modular sum, one must use the fact that
for each element γ ∈ Sp(4,Z) with lower entries C,D, the corresponding lattice Γ is21
(0,a)γ = (a · C, a ·D) . (4.3)
This is to be regarded as a sublattice of H1(Σ2; Z) that determines which cycles are contractible in
the bulk. In this way we see that C and D permute these contractible cycles, so that the sum over
(C,D) is indeed a kind of sum over wormholes. The contribution M0,1 (i.e. TAdS3∪TAdS3) is just
the simplest example. As another simple example, consider the term in (4.1) with C = 1, D = 0,
21Here we are following the notation of [57]: H1(Σ2; Z) is identified with the integer lattice in 4 dimensions spanned
by vectors (b1, b2, a1, a2) where the integers bi and ai denote the number of times a cycle wraps Bi and Ai, respectively.
So equation (4.3) defines a rank two sublattice sitting inside the integer lattice in four dimensions.
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in which case according to (4.3) the contractible cycles are now:
M1,0 : Ã1 = B1
Ã2 = B2.
(4.4)
In other words, the B-cycles of the surface are now taken to be contractible. One can then start





1 . This leads to a disconnected three-manifold that where the time cycles
of the tori are now contractible. We can therefore identify M1,0 with the three-manifold that is
simply the union of two Euclidean BTZ black holes.
The other terms in (4.1) are handled similarly: one starts with a connected 3-manifold (such as
a handlebody) in which the cycles given by (4.3) are contractible in the bulk. One then pinches the




1 to obtain a bulk topology which can be associated with
the (C,D) term in the sum; we refer to this contribution as MC,D. The modular sum (4.1) is then
interpreted as a sum over these contributions. When C and D are diagonal, these correspond to
disconnected topologies, and the sum reproduces the disconnected sum over SL(2,Z) black holes
to reconstruct 〈Zp(τ1)〉〈Zp(τ2)〉. When C and/or D are off-diagonal, the corresponding topologies
are connected. We will see that some of them correspond to simple topologies equivalent to T 2× I
where I is an interval (see the discussion in section 4.5), but the others will correspond to more
topologically complicated three-manifolds.
As a concrete example of a term in the modular sum associated with a simple connected
topology, consider the case where22












According to (4.3), the contractible cycles in the bulk are now given by
MC0,D0 : Ã1 = B1 +B2
Ã2 = −A1 +A2.
(4.6)
A natural bulk topology with these particular cycles being contractible is just the Euclidean worm-
hole T 2 × I. As explained in [57], the relative sign difference between the identifications in Ã1 and
Ã2 arises from an orientation reversal of one of the boundaries relative to the other. In fact, it is
even possible to obtain this Euclidean wormhole by taking a pinching limit of a hyperbolic three
manifold with genus two boundary, as indicated in figure 2.
We now turn to the explicit computation of 〈Zp(τ1)Zp(τ2)〉 given by equation (4.1). The main
technical challenge is to obtain a complete set of representatives of the pair of “coprime” matrices









Figure 2: Here we illustrate how to construct the manifold MC0,D0 from the pinching limit of a quotient
of hyperbolic three-space. The statement that the cycles given by (4.5) are contractible in the bulk can
be implemented (up to an orientation reversal that flips the sign of one of the B cycles) by “filling in” the
three-manifold by rotating the top half through the bulk around the x-axis by an angle of π as indicated
by the bold arrow so that A1 is identified with A2 and B1 is identified with B2. The manifold MC0,D0 is




1 , which is labelled in green. The resulting topology is
that of a torus times an interval. One can even endow this with a constant negative curvature metric by
replacing the straight line segments with circles that are identified via Mobius transformations which become
hyperbolic isometries in the bulk. Strictly speaking, this gives a constant negative curvature metric whose
boundary is two copies of a punctured torus, rather than just two copies of the torus; this had to be the
case, of course, since there is no smooth constant negative curvature manifold whose conformal boundary is
the disconnected union of two tori.
(C,D). This is described beautifully in [74], whose results we now briefly review (see appendix
B for more details). The complete set of representatives of such matrices divides into three cases
depending on the rank of the matrix C. So we will write
〈Zp(τ1)Zp(τ2)〉 = 1 + 〈Zp(τ1)Zp(τ2)〉1 + 〈Zp(τ1)Zp(τ2)〉2, (4.7)
where the subscript denotes the contributions from terms where C has the specified rank.
4.1 Rank 1
We will first consider the case in which the matrix C has rank one. We will simply state the results,
referring to appendix B and [74] for details. A complete set of representatives when C has rank
one is labelled by two pairs of coprime integers: (c, d) = 1 with c 6= 0, and (m,n) = 1. Since m,n
20


















det(CΩ +D) = c(m2τ1 + n




2τ2 ≡ xm,n + iym,n. (4.10)
The sum over (c, d) is precisely that involved with the genus-one Eisenstein series with a modified


















(〈Zp(τm,n)〉 − 1) .
(4.11)














With this rewriting it is straightforward to decompose into sectors of definite spin with respect to
either boundary via a Fourier transform. For instance, the correlator of spinless primaries is given
by






In the case that just one of the angular momenta vanishes, the correlator reduces to the single-
boundary correlator
〈Zp0 (y1)Zpj (y2)〉1 = 〈Z
p
j (y2)〉, j 6= 0. (4.14)
This indicates that the terms in the Sp(4,Z) sum in which C has rank one couple spinless and
spinning states only through purely disconnected contributions to the two-point function.

















In particular, when the spins are equal, only the (m,n) = (1, 1) term survives and the rank-one
contribution to the two-point function is equal to a one-point function with a modular parameter
that is the sum of the individual modular parameters
〈Zpj (y1)Z
p
j (y2)〉1 = 〈Z
p
j (y1 + y2)〉. (4.16)
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When we consider the spectral form factor later on, this is precisely the term that will lead to the
plateau. This (and indeed all terms in (4.12) with (m,n) 6= (1, 0) or (0, 1)) is an example of a
genuinely connected contribution to the two-point function, reflecting the fact that the bulk theory
does not factorize. Exactly such a term was described in section 3.2 of [57], where it was associated
with a bulk wormhole with topology T 2 × I.
4.2 Rank 2
When C has rank two we can define P = C−1D, which is a symmetric matrix with rational entries.
The set of such matrices is precisely the complete set of representatives of coprime matrices (C,D)






ν(P )−2s|det(Ω + P )|−2s. (4.17)
The prefactor ν(P ), which is the determinant of C, is defined in terms of P as follows. There exist









where pi and qi are coprime integers with qi > 0. The ratios pi/qi are known as the elementary
divisors of P , and ν(P ) is defined to be the product of the denominators of these elementary
divisors: ν(P ) = q1q2. In what follows it will be important that ν(P ) is invariant under shifts of P
by an integral matrix.
To digest this sum it is convenient to further decompose P = R + N , where R is a symmetric
matrix with rational entries between zero and one, and N is a symmetric integral matrix. Then we
have











We can then write the rank-two contribution to the two-point function in terms of sums over three








ñi = ni + ri + xi
ñ = n+ r.
(4.21)
Note that that the n = r = 0 term in (4.20) corresponds to part of the disconnected contribution
to the two-point correlator, so that
〈Zp(τ1)Zp(τ2)〉2 ⊃ (〈Zp(τ1)〉 − 1) (〈Zp(τ2)〉 − 1) . (4.22)
22
All other terms contribute to the connected two-point function.
We can use similar techniques as in the one-boundary and rank-one contributions to decompose
this result into sectors of definite spin, in particular applying the Poisson summation formula to













(r4 + 2r2(y1y2 − n1n2) + (n21 + y21)(n22 + y22))s
.
(4.23)
Following the discussion of the Fourier decomposition of the higher-degree Eisenstein series in































Ss,2(J) is Siegel’s “singular series” defined in (B.31), and the integration region P is defined as the
domain in which the matrices
(
∆1 ∓ j1 ∆∓ j




We can use the results from the previous subsections to compute the two-point correlation function

















where Ci are suitable vertical contours in the yi planes.
It is convenient to separately study the rank-one and rank-two contributions to the density-
density correlations. The rank-one contributions (4.11) can be written in terms of an infinite
sum over one-point functions with a modified temperature, and so lead to a sum of delta function-
localized contributions to the two-point function of the density of states. The rank-one contributions
are dominant over the rank-two contributions at low temperatures y1, y2  1, and so we conclude
that the density-density pair correlations are localized near threshold ∆1,∆2 & 0. For non-vanishing
23


















































































where the integration region P∆i,ji,j is defined for fixed ∆i, ji, j as the region for which the matrices(
∆1 ± j1 ∆± j
∆± j ∆2 ± j2
)
are positive-definite. However, this expression is not particularly illuminating
as the integral over the funny domain in ∆ obscures the dependence on the dimensions ∆1,∆2.
For the purposes of computing the two-point function of the density of states, it turns out to be
much simpler to work in an ensemble of fixed U(1)D × U(1)D charges, as shown in [61]. There,
the rank-two contribution to the two-point function of the density of states in an ensemble of fixed
U(1) charges QIi , Q̄
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where the sum over the off-diagonal component of R is over all rational numbers instead of just






1 − Q̄21) 12(Q1 ·Q2 − Q̄1 · Q̄2)
1
2(Q1 ·Q2 − Q̄1 · Q̄2) 12(Q22 − Q̄22)
)
. (4.33)
The delta functions in (4.31) constrain the charges to live on the surface of (D − 1)-spheres with
radii
√
∆i ± ji. Integrating (4.31) over these spheres gives the following simpler expression for the
























That (4.30) and (4.34) are equal can easily be checked numerically and appears to be a nontrivial
integral identity. For j1, j2 both non-vanishing, the n = r = 0 term above gives the entire discon-
nected contribution to the density-density correlator. One can also derive (4.34) by summing over
a particular genus-two modular crossing kernel, which we explain in appendix A.2.
Combining the rank-one and -two results, we can write the entire connected two-point function








































where the prime on the summation indicates that the r = 0 term, corresponding to the disconnected
correlator 〈ρpj (∆1)〉〈ρ
p
































where the prime on the summation over m,n indicates that we are omitting (m,n) = (1, 0) and
(0, 1) which contribute to the disconnected two-point function, and we have defined the modified
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scalar density 〈ρ̃p0(∆)〉 to be the scalar density of states (3.16) with the delta function representing





It is worth commenting briefly on the interpretation of this two point function; we will consider
the scalar two point function (4.36) for simplicity. We first note that the terms in the first line of
(4.36) have a simple intuitive explanation: the existence of a state with dimension ∆1 is perfectly
correlated with the existence of a state with dimension equal to a rational number times ∆1. Since
we are considering ensembles of free bosons, this is no surprise: dimensions of primary operators
with different windings/momenta will be related to one another by rational multiples. The second
line of equation (4.36) is more interesting, as that is the term which describes non-trivial correlations
in the structure of spectrum. In a random matrix theory, for example, this term would be given
by the sine kernel which describes (among other things) level repulsion [75, 76]. In the present
case, however, we have found something rather different – the statistics are not those of a random
matrix, nor are they simply the Poisson statistics expected of a conventional integrable system.
This unusual behaviour will be reflected in our discussion of the spectral form factor below.
4.4 The semiclassical limit
In this section we will study the behaviour of the two-point function 〈Zp(iy1)Zp(iy2)〉 in the limit
where the number of free bosons is taken to be large. One expects that in the s → ∞ limit, the
connected contributions to the two-point function are non-perturbatively suppressed. Here we will
investigate the extent to which this is the case.
At fixed inverse temperature y, the large-s limit of the one-point function is approximated by
〈Zp(iy)〉 ≈ 1 + y−2s. (4.38)
For simplicity in what follows we will set the inverse temperatures to be equal, y1 = y2 = y. In
the low-temperature regime with y > 1, the connected part of the two-point function is dominated
by the (m,n) = (1, 1) rank-one term and the disconnected part is dominated by the rank-zero




On the other hand, at high temperatures y < 1 the disconnected part is approximated by
〈Zp(iy)Zp(iy)〉disconnected ≈ y−4s, (4.40)
and the dominant connected contribution comes from the rank-two part of the two-point function.
In particular, the largest connected contributions are the terms in the sum in (4.20) for which R = 0
and det(N) = 0, so that
〈Zp(iy)Zp(iy)〉connected ≈ 4(4y2 + y4)−s. (4.41)
26
So again the relative contribution to the two-point function of the connected terms is exponentially
suppressed at large s provided y is sufficiently small.
So far, we have only shown that the connected two-point function is exponentially suppressed
when the inverse temperature are equal, in the low- and high-temperature limits. It is possible that
at generic values of y1, y2, there is no such exponential suppression.
23
One may also ask whether connected configurations make an important contribution to the
two-point function of the density of states in the large s limit. It is evident from (4.34) that the
terms with r 6= 0 are exponentially suppressed relative to the disconnected correlator due to the
factor of ν(R)−2s. However it is not a priori obvious that the terms with r = 0 and n 6= 0 are




















These contributions to the density-density correlator are actually not exponentially suppressed at
large s compared to the disconnected part until the twists are sufficiently large, in particular until




As discussed at the end of section 3, this is precisely when the averaged density of states 〈ρpj (∆)〉





























In the large s limit with fixed argument z, the Bessel function Js−1(z) is factorially small, and one
can show that the combination (4.44) is not exponentially suppressed. However, once the twists
surpass the bound (4.43), the relative contribution of the disconnected part becomes exponentially
suppressed. A similar exponential suppression of the connected two-point function of the density
of states in the large central charge limit was observed in the ensembles of chiral free bosons and
of code CFTs [62].
4.5 Comparison to the T 2 × I wormhole amplitude
By studying the properties of the degree-two Eisenstein series, have seen that the Siegel-Weil












ν(P )−2s| det (Ω + P ) |−2s, (4.45)
23We thank A. Dymarsky for discussions on this point.
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where Ω = diag(τ1, τ2). However, as explained in the beginning of section 4, the gravitational
interpretation of the terms in the genus-two modular sum is somewhat indirect. In this section
we will describe how our result compares to Euclidean wormhole amplitudes that have previously
appeared in the literature, which will allow us to give some of the terms in the sum a conventional
gravitational interpretation in terms of a simple class of Euclidean wormholes.
Recently, the path integral of three-dimensional Einstein gravity with negative cosmological
constant on a simple class of Euclidean wormhole geometries topologically equivalent to a torus
times an interval was considered [42]. Such configurations are not saddle points of the Einstein
action, and so these wormhole amplitudes were computed somewhat indirectly using the first-order
formalism of general relativity, and have since been discussed as examples of a sort of gravitational
constrained instanton [77]. The resulting amplitude exhibits features characteristic of double-scaled
random matrix theory in the low-temperature limit, and leads to a late-time ramp in the spectral
form factor, which is obtained from the wormhole amplitude by analytic continuation. In follow-up
work [43], the path integral of U(1) gravity on such T 2× I wormholes was also computed, with the
following result24












The result takes the form of a particular seed amplitude summed over relative modular transfor-
mations of one of the boundary complex structures with respect to the other. The seed amplitude
Zs0 is interpreted as the gravitational path integral of U(1) gravity on the three-manifold T 2 × I
with boundary modular parameters τ1, τ2 [43], and is invariant under the following simultaneous
modular transformation






where M takes τ → −τ . The sum over PSL(2,Z) images in (4.46) is interpreted as a sum over
Dehn twists of one boundary with respect to the other, which restores invariance with respect to
independent modular transformations of the two boundaries. In what follows it will be instructive
to rewrite the amplitude (4.46) as follows
ZNarainT 2×I (τ1, τ2) =
∑
γ∈PSL(2,Z)






Some of the terms in the genus-two modular sum appearing in the full two-point function
(4.45) are realized in the T 2×I amplitude (4.46), and so can be associated with this simple class of
24In writing this formula we have multiplied by an overall factor of |η(τ1)η(τ2)|4s to facilitate a comparison with
the second moment of the partition function of U(1)D × U(1)D primary operators.
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Euclidean wormhole configurations. In particular, the rank-one terms in (4.45) with (m,n) = (1, 1)
and c = 1 with d ∈ Z map onto the PSL(2,Z) images in (4.48) that shift τ2 by an integer, namely
those with c′ = 0, b′ ∈ Z. In the case of Einstein gravity originally studied in [42], these were
precisely the terms that were dominant at low temperatures and led to the linear ramp in the
spectral form factor. In section 6 we will see that they contribute to the late-time plateau in U(1)
gravity.25 On the other hand, the terms in (4.48) with c′ 6= 0 come from the rank-two terms in










ν(P )−2s|τ1τ2 + p2τ1 + p1τ2 + p1p2 − p2|−2s (4.49)











In other words, they correspond to Sp(4,Z) elements with lower entries










Indeed, from (4.3) we see that they correspond to bulk topologies MCγ ,Dγ with the following
contractible cycles (recall from the discussion at the beginning of section 4 that Ai and Bi are the
A- and B-cycles of the boundary tori)
MCγ ,Dγ : Ã1 = A1 + c
′B2 + d
′A2
Ã2 = −B1 + a′B2 + b′A2.
(4.52)
The other terms in the genus-two modular sum in (4.45) cannot straightforwardly be associated
with T 2 × I wormholes.
We now briefly pause to compare our result to the path integral of pure 3D gravity on torus
wormholes as computed in [42]. The pure gravity wormhole amplitude was found to be26
Zpure gravity






That the low-temperature spectral form factor inherited from (4.53) exhibits a linear ramp rather
than a plateau at late Lorentzian times is essentially due to the relative difference between the
25Already in [57] and [43] it was noticed that these terms contribute a constant to the late-time behaviour of the
spectral form factor.
26Below we have again multiplied the result by an overall factor of |η(τ1)η(τ2)|2 so that the result captures infor-
mation about the second moment of the partition function of Virasoro primary operators.
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powers of Im(τ1) Im(τ2) and of the preamplitude Z0. On the other hand, these powers cancel in
the torus wormhole amplitude in the Narain ensemble (4.46), leading to a plateau at late times.
Indeed as we will see in section 6, the spectral form factor obtained by analytic continuation of the
full two-point function of primaries (4.45) exhibits a plateau at late times.
5 Higher-point functions
In this section we will outline the computation of higher moments of the torus partition function.
The averaged n-point function is computed by a degree n Eisenstein series
〈Zp(τ1) · · ·Zp(τn)〉 = (det Im Ω)−sE(n)s (Ω) =
∑
(C,D)=1
| det(CΩ +D)|−2s, (5.1)
where the modular parameters τi are packaged into a diagonal period matrix
Ω = diag(τ1, . . . , τn) (5.2)
and the sum over matrices (C,D) is over symmetric coprime pairs as described in appendix B. As
in the case of the two-point function, we will write this as
〈Zp(τ1) · · ·Zp(τn)〉 = 1 + 〈Zp(τ1) · · ·Zp(τn)〉1 + . . .+ 〈Zp(τ1) · · ·Zp(τn)〉n (5.3)
where 〈Zp(τ1) · · ·Zp(τn)〉r denotes the sum of contributions from terms where C has rank r.
Following the discussion in appendix B, a complete set of representatives of coprime symmetric
pairs {C,D} where C has rank r is given by a pair of coprime r × r matrices {C(r), D(r)} with














The set of such matrices U is given by the set of primitive n × r matrices Q(n,r) that can be
completed to a unimodular matrix U , subject to the equivalence relation Q(n,r) ∼ Q(n,r)U (r) where
U (r) is a unimodular r × r matrix.
The upshot of this decomposition is that the contribution to the correlation function where
rankC = r, 〈Zp(τ1) · · ·Zp(τn)〉r, can be written in terms of degree r Eisenstein series. We already
saw an example of this with the rank-one contributions to the two-point function studied in section
4.1, which involved a sum over genus one Eisenstein series.
A particularly tractable example is the rank-one contributions to the n-point function. In this
case the complete set of representatives {Q(n,1)} is given by







we can write the rank-one contribution to the n-point function in terms of a sum of one-point
functions:










(〈Zp(τm1,···mn)〉 − 1) .
(5.7)
Similarly, following the discussion in appendix B, the rank-r contributions to the n-point func-
tion with 1 < r < n can be written in terms of a sum over the maximal-rank contributions to the
r-point function with modified values of the worldsheet moduli. The maximal rank contributions to
the n-point function are simply given by the following sum over symmetric rational n×n matrices




ν(P )−2s| det(Ω + P )|−2s. (5.8)
We leave a more detailed study of these higher multi-boundary observables in U(1) gravity to future
work.
6 The spectral form factor
The spectral form factor has emerged as an important diagnostic of chaos and probe of spectral
statistics for complex systems. For a quantum system at finite temperature β−1 with Hamiltonian
H, the spectral form factor is





where the sum over i is over states in the Hilbert space of the quantum system and di labels the
degeneracy of the state with energy Ei. This quantity is interesting in part because it is a simple
surrogate for the thermal two-point function of local operators [5], which in a holographic system
captures the two-point correlation function of bulk quantum fields outside a black hole horizon
separated by some Lorentzian time T . In Maldacena’s formulation of the information problem for
eternal black holes in AdS [78], this quantity plays a central role: it decays exponentially at late
times in semiclassical gravity due to quasinormal mode relaxation, but this is forbidden in a unitary








dt g(β, t) ≥ Tr e−2βH . (6.2)
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In a chaotic system in which there are typically no degeneracies, this bound is saturated. In this
way the spectral form factor captures the tension between the smooth geometry of semiclassical
gravity and the discrete Hilbert space of black hole microstates.
Furthermore, it has been conjectured [5] that in theories with quantum mechanical black holes,
the spectral form factor follows the universal behaviour prescribed by random matrix theory, in-
cluding the late-time plateau described above that is a signature of discreteness of the spectrum.
This behaviour is additionally characterized by an early-time decay below the plateau value, fol-
lowed by a period of linear growth (sometimes called the “ramp”) approaching the plateau from
below. In random matrix theory, the linear ramp is a consequence of eigenvalue repulsion.
In this section we will study the spectral form factor in the Narain ensemble of free conformal
field theories, which is obtained by analytic continuation of the two-point correlation function of
the torus partition function of primaries (4.1) to y1 = β + iT , y2 = β − iT with x1 = x2 = 0:
g(β, T ) = 〈Zp(β + iT )Zp(β − iT )〉. (6.3)
We emphasize that in expressions like this the argument of the partition function is meant to denote
the imaginary part of the modular parameter analytically continued to real time, but that the real
part of the modular parameter is set to zero.27 We will discover that the “wormhole sum” for the
Narain ensemble precisely reproduces the Plateau behaviour anticipated in equation (6.2).
Using our results from section 4.1, the rank-one contributions to the spectral form factor can
be written as


































βm,n ≡ (m2 + n2)β






and the prime on the summation over coprime integers (m,n) indicates that we are only including
pairs of coprime numbers for which m > n. In particular (m,n) = (1, 1) is excluded. The first
line in (6.4) is the late-time plateau, while the term with m = 1, n = 0 is the rank-one part of
27Although of course we could consider the spectral form factor in sectors of definite spin, which would involve the
Fourier transform with respect to the real part of the modular parameter.
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the disconnected correlator, namely 〈Zp(β + iT )〉 + 〈Zp(β − iT )〉 − 2. Meanwhile, the rank-two
contributions to the spectral form factor are







ñ4 + 2ñ2(β2 + T 2 − ñ1ñ2) + (ñ21 + (β + iT )2)(ñ22 + (β − iT )2)
)s , (6.6)
where ñ, ñ1, ñ2 are as defined in (4.21) and ν(R) is the product of the denominators of the elementary





. We remind the reader that the n = r = 0
term contributes part of the disconnected part of the spectral form factor (〈Zp(β+iT )〉−1)(〈Zp(β−
iT )〉 − 1).
From the rank-one and rank-two contributions to the two-point function elucidated in section 4,
many features of the plot of the spectral form factor as a function of time T are already apparent.
Early time
At early times, the behaviour of the spectral form factor depends sensitively on the temperature,
and receives contributions from both the rank-one and rank-two parts of the two-point function
as discussed in section 4. For example, in the low-temperature (β → ∞) limit, the rank-one
contribution (6.4) dominates:





























where (for Re s > 1) ζa(s) =
∑∞
k=0(k + a)







is the Epstein zeta function, with the prime denoting the omission of the origin in the sum. In the
semiclassical limit of large s, the (m,n) = (1, 0), (0, 1) terms give the dominant contributions in
the low-temperature regime up to corrections that are non-perturbatively suppressed in s. In this
case the dominant contribution is from the disconnected correlator 2(〈Zp(β)〉 − 1) ∼ 2bs(0)β1−2s.
On the other hand, from (6.6) we see that in the high-temperature (β → 0) limit the discon-
nected part of the rank-two contribution dominates
g(β, 0)− 1 ∼ (〈Zp(β)〉 − 1)2 ∼ β−4s. (6.9)
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This characterizes the high-temperature behaviour regardless of whether or not s is also taken to
be large. The subsequent decay is then well approximated by (β2 + T 2)−2s.
Late time
At late times, the amplitude of both the rank-one and rank-two contributions decay, with the
exception of a single rank-one contribution — namely, the term in (4.11) with (m,n) = (1, 1),
which is constant in time — leading to a plateau at late time
lim
T→∞
g(β, T ) = 〈Zp(2β)〉. (6.10)
From (4.11) we can then explicitly identify the contributions responsible for the late-time plateau in
the spectral form factor, which is normally regarded as a diagnostic for discreteness of the spectrum.













with c, d non-negative coprime integers that lead to the plateau at late time. They correspond to
bulk topologies MC,D with the following cycles contractible in the bulk (recall that Ai and Bi are
the A- and B-cycles of the boundary tori)
MC,D : Ã1 = dA1 + c(B1 +B2)
Ã2 = −A1 +A2.
(6.12)
As noted earlier, the terms with c = 1 and d ∈ Z can be associated with simple Euclidean wormholes
topologically equivalent to a torus times an interval. The remaining terms needed to reconstruct
〈Zp(2β)〉 (i.e. those with c > 1) do not seem to admit such an interpretation; they must be associ-
ated with other three-manifolds with two boundary tori. It would be very interesting to explicitly
identify the corresponding bulk topologies, and to study the path integral of three-dimensional pure
Einstein gravity on these backgrounds.
Intermediate time
The qualitative shape of the spectral form factor as a function of time depends sensitively on
the value of the temperature. At high temperature, the rank-two contribution gives the dominant
contribution at early times, of order 〈Zp(β)Zp(β)〉2 ≈ (〈Zp(β)〉−1)2 ∼ β−4s. This decays with time
until it passes below the plateau 〈Zp(2β)〉 ∼ (2β)−2s from the rank-one contributions. Meanwhile,
the rank-one contributions oscillate around the plateau with an amplitude that decays with time,
as can be seen from (6.4). Thus in this case it appears that the plateau is approached from above,
up to the small oscillations around the plateau from the rank-one contributions. We compute
the spectral form factor numerically by truncating the sums on integers and rational numbers in
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Normalized spectral form factor: s=100, β=
π
1000








Normalized spectral form factor: s=10, β=
π
1000








Normalized spectral form factor: s=5, β=
π
1000
Figure 3: A plot of the normalized spectral form factor G(β, T ) = g(β, T )/g(β, 0) as a function of time in
the averaged Narain CFT, for s = 100, 10, 5 and with β = π1000 . The horizontal gridline corresponds to the
plateau 〈Z
p(2β)〉
〈Zp(β)2〉 . At smaller values of β, the rank-two contributions to the two-point function dominate at
early times and decay monotonically, until a crossover time when they are surpassed by the plateau coming
from the rank-one contributions.
equations (6.4) and (6.6), and plot some examples of the high-temperature spectral form factor as
a function of time in figure 3.
At sufficiently low temperature, the rank-two terms essentially never give an important con-
tribution to the spectral form factor. Aside from the rank-zero term (otherwise known as 1), the
early time behaviour is dominated by the rank-one contribution 〈Zp(β)Zp(β)〉1 ∼ β1−2s. As one
can see from (6.4), as time increases the plateau is approached in an oscillatory manner with a
decaying amplitude, so while the spectral form factor does “dip” below the plateau, it does not
strictly approach the plateau from below. We again compute the spectral form factor numerically
by truncation; some low-temperature examples are plotted in figure 4.
We have seen that the shape of the spectral form factor depends sensitively on the temperature,
and in any case, we do not find a linear approach to the ramp from below that typically indicates
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Normalized spectral form factor: s=100, β=5π






Normalized spectral form factor: s=10, β=5π







Normalized spectral form factor: s=5, β=5π
Figure 4: A plot of the normalized spectral form factor as a function of time in the averaged Narain CFT,
for s = 100, 10, 5 and with β = 5π. At large values of β, the rank-two contributions to the two-point function
are essentially never important, and the spectral form factor approaches the plateau in an oscillatory manner
due to the rank-one contributions. The horizontal gridline corresponds to the plateau 〈Z
p(2β)〉
〈Zp(β)2〉 .
long distance eigenvalue repulsion characteristic of random matrix theory. We do note, however,
that there are values of the temperature where the spectral form factor approaches the ramp from
below. In particular, the temperature can be tuned to a moderate value so that the rank-one
contributions surpass the rank-two contributions at the bottom of an oscillation of the rank-one
terms. We present an example of such a spectral form factor in figure 5, but emphasize that as in
the high- and low-temperature scenarios the spectral form factor continues to oscillate around the
plateau with an envelope that decays in time.
In the semiclassical regime, i.e. at large s, almost all of the interesting features of the spectral
form factor at early and intermediate times are captured by the analytic continuation of the discon-
nected correlator 〈Zp(β + iT )〉〈Zp(β − iT )〉, essentially until the onset of the late-time plateau. In
this regime the dominant contribution to the connected correlator comes from the time-independent
plateau itself.
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Figure 5: A finely-tuned example of the normalized spectral form factor at a moderate value of the
temperature β = π5 with s = 100. In the second plot on the right we zoom in to the region where the rank-
one contributions overtake the rank-two contributions, demonstrating an apparent approach to the plateau
from below. In the third plot at the bottom we show the separate rank-one and rank-two contributions to
the spectral form factor.
7 Discussion
In this paper we have studied the spectral statistics of primary operators in the ensemble average
of Narain’s family of free boson CFTs by explicit computation of moments of the torus partition
function in terms of higher-degree Eisenstein series. We obtained an exact expression for the
two-point function of the density of primary states, and computed the spectral form factor of the
bulk dual theory of “U(1) gravity” by direct computation of an appropriate analytic continuation
of a degree-two Eisenstein series. This two-boundary amplitude receives contributions from both
disconnected and connected configurations in U(1) gravity. While it was straightforward to identify
the connected configurations that lead to the late-time plateau, there does not appear to be a
linear ramp approaching the plateau from below, suggesting that the distribution of states in U(1)
gravity are not captured by random matrix theory. This is in contrast to a recent computation of
the gravitational path integral in three-dimensional pure Einstein gravity on Euclidean wormhole
backgrounds topologically equivalent to a torus times an interval [42,43], where it was argued that
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there is a regime of fixed angular momentum and low temperature where the spectral form factor
exhibits a linear ramp at late times. In contrast, in our computation of the full connected two-point
function of the density of primary states (see equations (4.35) and (4.36)) we did not find evidence
of long-range repulsion of the scaling dimensions.
While we were able to identify the terms in the Sp(4,Z) sum over wormholes that are responsible
for reconstructing the late-time plateau of the spectral form factor of U(1) gravity, we did not
explicitly construct all of the corresponding topologies, partly due to the fact that U(1) gravity is
only sensitive to certain coarse information about the bulk. It would be very interesting to construct
candidate topologies with the appropriate cycles contractible in the bulk (given by (6.12)) and study
the path integral of pure AdS3 Einstein gravity on these backgrounds.
We expect that the technology developed in this paper could find applications in the study
of other higher-genus and multi-boundary observables in the bulk dual of the Narain ensemble
average. One attainable target would be the free energy for U(1) gravity with torus boundary
computed via the replica trick. In particular, since the boundary theory is defined by an ensemble
average, one can compute both the annealed and quenched free energy
Fannealed(β) = −β−1 log〈Zp(β)〉
Fquenched(β) = −β−1〈logZp(β)〉,
(7.1)
which are distinguished by whether one takes the ensemble average before or after computing
the logarithm. In a recent study of the free energy in the ĈGHS model and JT gravity [79], it
was emphasized that the annealed free energy is pathological and that connected topologies were
an essential ingredient in the well-definedness of the quenched free energy at low temperature
as computed from the gravitational path integral via the replica trick. Although in the Narain
ensemble the annealed free energy is not obviously pathological (essentially due to the fact that the
vacuum is a normalizable state), one could imagine similarly computing the quenched free energy
in U(1) gravity via the replica trick. However, the fact that for a fixed central charge D, the
n-point function 〈Zp(τ1) · · ·Zp(τn)〉 fails to converge for n ≥ D − 1 naively presents an obstacle to
this computation via the replica trick. One might hope to get around this via the meromorphic
continuation of the corresponding degree-n Eisenstein series E
(n)
s , however these have poles at
values of s that prevent this from providing an straightforward resolution [73]. Nonetheless, in the
low-temperature regime we expect the rank-one contributions (5.7) to be dominant. We leave a
more detailed study of this question for future work.
The most interesting question, however, is whether other simple theories of gravity in three
dimensions – such as general relativity – should be regarded as an ensemble average over a space
of CFTs. About this we do not have much to say, except that in three dimensions perhaps the









The left hand side of this expression is the Euclidean signature path integral of three dimensional
general relativity with a negative cosmological constant, regarded as a function of the conformal
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structure and topology of the boundary Σ. The right hand side is a sum over all two dimensional
CFTs C, with the most natural measure – one over the cardinality of the symmetry group of the
CFT – inspired by the Siegel-Weil formula. We emphasize that both sides of this formula are
extremely schematic, so an important challenge for the future is to understand the extent to which
this formula can be made precise and either proven or disproven.28
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A Averaged density of states from modular crossing kernels
A.1 One-point function
In this appendix we will show that the averaged density of states in the Narain ensemble can be
computed by summing over SL(2,Z) modular crossing kernels.29





The Narain-averaged torus partition function is then defined through the following sum over










where Es is the real-analytic Eisenstein series, we have used the fact that
√
Im τ |η(τ)|2 is modular
invariant and recall that s = D2 . Here we will show that one can compute the density of states
28For example, it is not even clear that the central charge of the boundary CFTs should be related directly with
the bulk cosmological constant via the usual Brown-Henneaux formula c = 3`
2G
. One could easily imagine that one
should consider an ensemble where the central charge is allowed to vary, and another variable (such as a chemical
potential conjugate to c) is held fixed and related to the bulk cosmological constant. Similarly, the space of CFTs
includes both connected and discrete components, so the sum over CFTs in equation (7.2) should really include both
a discrete sum as well as an integral over moduli. We expect that the discrete sum should be more important since
a typical CFT has no moduli, but of course we have not made this statement precise.
29We are grateful to Nathan Benjamin for discussions and collaboration regarding the material in this subsection.
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in this theory directly by making use of the generalized crossing kernels introduced in [47]. These
crossing kernels relate SL(2,Z) transforms of characters to integrals of characters in the original
basis, and thus associate a contribution to the density of states to each term in the sum over
geometries. The defining identity for the crossing kernel is






















with the case of interest being w = s, where ε(w, γ) is a weight-independent phase that will drop





























)2s (hh̄)s−1e 2πic d′j
Γ(s)2
δ(j − h+ h̄).
(A.5)
The sum over n localizes the density of states onto sectors of integer spin, so that we have30







, j = 0
2π2sσ2s−1(j)(∆2−j2)s−1
|j|2s−1Γ(s)2ζ(2s) , j 6= 0
(A.6)
precisely reproducing the result of the Siegel-Weil formula as written for instance in [58]. The
canonical ensemble primary partition function in a sector of fixed spin j is then given by integrating
against the characters, with the following result familiar from the standard Fourier decomposition



















30There is a factor of 2 here due to the Jacobian in writing the density of states in terms of ∆ rather than h.
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A.2 Two-point function from a genus-two crossing kernel
In this section we will show that the rank-two part of the two-point function of the density of states
can also be straightforwardly computed by summing over a certain genus-two crossing kernel. The






ν(P )−2s|det(Ω + P )|−2s, (A.9)
where Ω = diag(τ1, τ2) packages the modular parameters of the boundary tori and in what follows





. To proceed, we write the determinant appearing in the summand in
terms of the following integral
det(Ω + P )−s =
(













where K is a sort of genus-two crossing kernel (in the sense that it relates terms that appear in the
Sp(4,Z) modular sum to a density of states in the original channel) given by









As before, ε is a phase independent of the weights that will cancel when we combine the holomorphic
and anti-holomorphic sectors.
We can then write the full rank-two density-density correlator in terms of a sum over this
Sp(4,Z) crossing kernel
















































In the last line we realized the sums over n1, n2 as Dirac combs that project onto sectors of definite
integer spins j1, j2. From this it is easy to read off the full two-point function of the density of
states in particular spin sectors. Up to a factor of 4 from to the Jacobian in going between the
weights h1, h2 and the dimensions ∆1,∆2, this is precisely the result (4.34).
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B Higher-degree Eisenstein series
In this section we will review some salient features of the modular group of degree n, relevant
for the construction and Fourier decomposition of the higher degree Eisenstein series that arise
as observables in the averaged Narain lattice CFTs. We will very closely follow the discussion in
chapters 11, 12 and 18 of [74].
B.1 The degree n modular group
The degree-n Eisenstein series is defined on the Siegel upper half-space Hn of complex, symmetric
n× n matrices with positive-definite imaginary part
Hn = {Ωij ∈ C |Ω = ΩT , Im Ω > 0}. (B.1)
We will mostly be interested in the case that Ω is the period matrix of a Riemann surface of genus
n, but the Eisenstein series is well-defined on the larger space Hn. The degree n modular group
acts on Ω by










(det Im γΩ)s = (det Im Ω)s
∑
{C,D}
| det(CΩ +D)|−2s, (B.3)
where the sum over the pair of matrices (C,D) is over a complete set of equivalence classes of










that fixes | det Im Ω|.
We will proceed by describing in more detail the modular group of degree n. We will start by







where 1 is the identity matrix of order n. The symplectic group Sp(2n,R) is the set of real-valued
matrices γ such that I[γ] ≡ γT Iγ = I. If we write γ in terms of real n× n matrices A,B,C,D as
in (B.2) then this condition amounts to
ADT −BCT = 1
ABT −BAT = 0
CDT −DCT = 0.
(B.6)
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The modular group of degree n, Sp(2n,Z), is the set of matrices γ as in (B.2) subject to (B.6) with
the further restriction that the constituent matrices A,B,C,D are integer-valued.
In what follows we will characterize the space of the pair of square n×n integer-valued matrices
(C,D) that could serve as the lower row of an element of the modular group. It turns out that
matrices (C,D) can comprise the lower row of an element of the modular group Sp(2n,Z) if and
only if they form what is known as a symmetric coprime pair (generalizing the fact that in the case
n = 1, the elements of the lower row of a matrix in SL(2,Z) must be coprime integers). From (B.6)
we see that (C,D) must be a symmetric pair, namely CDT = DCT . The pair (C,D) is deemed
coprime in the sense that if GC, GD are both square integral matrices, then G must be as well. It
is relatively straightforward to see that a matrix (C,D) coming from the lower row of a modular
group element must be symmetric coprime matrices, and in [74] it is shown how to construct a
modular group element from a given coprime pair.
Moreover, due to the quotient by the parabolic subgroup P defined in (B.4) in the modular sum
involved in the Eisenstein series, in what follows two symmetric pairs of coprime matrices (C1, D1)
and (C2, D2) are to be regarded as equivalent or “associated” if they are related by the action of a
unimodular matrix31 U
(C,D) ∼ U(C,D), U unimodular. (B.7)
Indeed, it is easy to see that such coprime pairs give identical contributions to the Eisenstein series






We will denote by {C,D} this class of coprime symmetric pairs of matrices associated to (C,D).
In the modular sum involved in the higher-degree Eisenstein series, one sums over one represen-
tative per class. Such equivalence classes are organized by the rank of the matrix C. The case that
rankC = 0 is trivial, as we can take (C,D) = (0,1) as a representative, so in what follows we will
assume rankC = r with 0 < r ≤ n. We would like to identify a particular simple representative for
each class in order to make the sum involved in the Eisenstein series more concrete. Here we will
briefly review the construction of [74], where it is shown that for each rank r we can rephrase the
sum over representatives as a sum over r× r matrices C(r) and D(r) with detC(r) 6= 0, augmented
by a sum over primitive n× r matrices Q(n,r).














31A unimodular matrix M is a square integral matrix with determinant detM = ±1. Such matrices have an inverse
that is also an integral matrix.
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where D1 is an r × r matrix. If (C,D) is a symmetric pair, then so is U1(C,D), and from the
symmetry property (B.6) of U1(C,D) one can show that (C1, D1) also forms a symmetric pair and





















It follows from this construction that the pair (C1, D1) is also necessarily coprime [74].
Furthermore, if one acts on U2 from the right by a unimodular matrix that only has a nontrivial












3 ) and nothing is changed. To take account of this equivalence, let us introduce the
n×r matrix Q(n,r), formed by taking the first r columns of U2. We are thus motivated to introduce
the equivalence class {Q(n,r)}
Q(n,r) ∼ Q(n,r)U3, for U3 r × r unimodular (B.14)
of primitive n× r matrices that can be completed to a unimodular n× n matrix (that we refer to









with U4 an r × r unimodular matrix, we have (C1, D1) → U4(C1, D1) and so these pairs are also
associated. Thus one is free to choose (C1, D1) as any representative of the class {C1, D1}.
The upshot of this construction is that one can associate to each equivalence class {C,D} where
rankC = r the equivalence classes of r × r matrices {C(r), D(r)} with detC(r) 6= 0, augmented by













U = (Q(n,r), ∗),
(B.16)
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where U is the completion of Q(n,r) into a unimodular matrix. In [74] it is shown that this as-
sociation is in fact one-to-one. In fact, since C(r) is invertible, one can further define the matrix
R = (C(r))−1D(r), and in [74] it is shown that the set of all equivalence classes {C(r), D(r)} with
detC(r) 6= 0 is precisely the set of all rational symmetric r×r matrices R, and the map is one-to-one.
B.2 Fourier decomposition of the higher-degree Eisenstein series
To begin unpackaging the sum in the definition of the Eisenstein series, recall from the previous
subsection the one-to-one correspondence between the equivalence class {C,D} and that of r × r
matrices {C(r), D(r)} where r = rankC, detC(r) 6= 0 and {Q(n,r)} of primitive n× r matrices that
can be completed to a unimodular n× n matrix. Then, since in the case that rankC = r
det(CΩ +D) = ±det(C(r)Ω[Q(n,r)] +D(r)) (B.17)












det(C(r))−2s| det(Ω[Q(n,r)] + (C(r))−1D(r))|−2s. (B.18)
Recall that the sum over {C(r), D(r)} can be replaced by a sum over symmetric rational r × r
matrices R = (C(r))−1D(r). Then one can find r × r unimodular matrices U, V such that
U−1RV = diag(pi/qi), where (pi, qi) = 1 and pi/qi ≥ 0. (B.19)
The ratios pi/qi are called the elementary divisors of R. Then one can write the determinant of
C(r) in terms of the product of the denominators of the elementary divisors of R [74]
































where in the second line we wrote P = R+N where R is a symmetric matrix with entries that are
rational mod one, and N is a symmetric integral matrix.
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where Ω and N are understood to be r × r matrices. By construction this function is invariant
under integral shifts of the real part of Ω ≡ X + iY , X → X + N for N symmetric and integral,







where, for symmetric r × r matrices A,B, σ is defined by the trace







The condition that J be symmetric and semi-integral requires
Jii ∈ Z
Jij = Jji ∈
1
2
Z, i < j.
(B.25)













i≤j dXij is the flat measure and in the second line we used the explicit form of ψs
as a sum over integral shifts of Ω and the invariance of the exponential factor under such shifts.









[d∆] e−2πσ(∆Y ) det(∆ + J)s−
1
2













2 = Γr(s) det(−iΩ)−s, (B.29)
46
where the integral is over symmetric positive-definite r×r matrices H. The functions hs,r(Y, J) are
sometimes known as confluent hypergeometric functions on tube domains [80], and it is by studying
properties of these functions that the functional equation (B.33) satisfied by the meromorphic
continuation of the higher-degree Eisenstein series was established.


































and in the summand on the right-hand side we have omitted for the sake of brevity the superscripts
on the matrices Q(n,r) and J (r) denoting their sizes. Some special values of the singular series are






ζ(4s− r − j)
ζ(4s− 2j) . (B.32)
The sum (B.3) converges provided Re s > n+12 . Like the genus-one Eisenstein series, it can be
formally defined by analytic continuation in the complex s plane away from this domain, but the
argument relating it to a partition function of an averaged Narain lattice CFT established in [57]
only holds for half-integer s > n+12 . The meromorphic continuation of the Eisenstein series can be
shown to satisfy the functional equation [73,80–82]








E(n)s (Ω), Λ(s) = π−sΓ(s)ζ(2s). (B.34)
The function E(n)s (Ω) can be shown to have poles of finite order at s = k4 for k = 0, 1, . . . , 2n + 2,
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[51] A. Romero-Bermúdez, P. Sabella-Garnier, and K. Schalm, A Cardy formula for off-diagonal
three-point coefficients; or, how the geometry behind the horizon gets disentangled, JHEP 09
(2018) 005, [arXiv:1804.08899].
[52] Y. Hikida, Y. Kusuki, and T. Takayanagi, Eigenstate thermalization hypothesis and modular
invariance of two-dimensional conformal field theories, Phys. Rev. D 98 (2018), no. 2 026003,
[arXiv:1804.09658].
[53] A. Belin and J. de Boer, Random Statistics of OPE Coefficients and Euclidean Wormholes,
arXiv:2006.05499.
[54] C. L. Siegel, Indefinite quadratische formen und funktionentheorie i, Mathematische Annalen
124 (dec, 1951) 17–54.
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